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Abstract. For any smooth free action of the unit circle S 1 in a manifold M ; the Gysin sequence of M is a long exact sequence relating the DeRham cohomologies of M and its orbit space M/S 1 . If the action is not free then M/S 1 is not a manifold but a stratified pseudomanifold and there is a Gysin sequence relating the DeRham cohomology of M with the intersection cohomology of M/S 1 . In this work we extend the above statements for any stratified pseudomanifold X of lenght 1, whenever the action of S 1 preserves the local structure. We give a Gysin sequence relating the intersection cohomologies of X and X/S 1 with a third term G, the Gysin term; whose cohomology depends on basic cohomological data of two flavours: global data concerns the Euler class induced by the action, local data relates the Gysin term and the cohomology of the fixed strata with values on a locally trivial presheaf.
Foreword
A pseudomanifold is a topological space X with two features. First, there is a closed Σ ⊂ X called the singular part, which is the disjoint union of smooth manifolds. The X − Σ is a dense smooth manifold. We call strata the connected components of Σ and X − Σ; they constitute a locally finite partition of X. The second feature is the local conical behavior of X, the model being a product U × c(L) of a smooth manifold U with the open cone of a compact smooth manifold L called the link of U . A careful reader will notice that stratified pseudomanifolds with arbitrary lenght have a richer and more complicated topological structure; in this article we deal with stratified pseudomanifolds of lenght ≤ 1, which we call just pseudomanifolds.
Between the various ways for defining the intersection cohomology; the reader can see [4] for a definition in pl-stratified pseudomanifolds; [5] , [9] , for a definition with sheaves; [11] for an approach with L 2 -cohomology; [3] for an exposition in Thom-Mather spaces. In this article, we use the DeRham-like definition exposed in [18] . We work with differential forms in X − Σ and measure their behavior when approaching to Σ, trough an auxiliary construction called an unfolding of X. Although X may have many different unfoldings, its intersection cohomology does not depend on any particular choice. When S 1 acts on X preserving the local structure then the orbit space X/S 1 is again a pseudomanifold with an unfolding.
The well known Gysin sequence of a smooth manifold M with a principal action of S 1 is the long exact sequence
where π * is induced by the orbit map π : M → M/S 1 , which is a smooth S 1 -principal bundle. The map is induced by the integration along the fibers and the connecting homomorphism ε is the multiplication by the Euler class ε ∈ H 2 (M/S 1 ).
When the action of S 1 on M is not free then the base space is not anymore a smooth manifold, but a stratified pseudomanifold M/S 1 whose length depends on the number of orbit types. There is a Gysin sequence of M relating the DeRham cohomology of M with the intersection cohomology of M/S 1
where q, 2 are perversities in M/S 1 . The connecting homomorphism is again the multiplication by the Euler class ε ∈ H 2 2 (M/S 1 ). The fixed points' subspace M S 1 is naturally contained in M/S 1 . The link of a fixed stratum S ⊂ M/S 1 is always a cohomological complex projective space [7] , [10] .
In this article we extend the above situation for any pseudomanifold X and any action of S 1 on X preserving the local structure. The orbit map π : X → X/S 1 induces a long exact sequence
relating the intersection cohomologies of X and X/S 1 with a third term H where S runs over the fixed strata and H * (S, Im(ε)) is the cohomology of S with values on a locally trivial presheaf Im(ε L ) with fiber
the image of the multiplication by the Euler class ε L ∈ H 2 (L/S 1 ) of the action on the Link L of S. Since L may not be a sphere, this term could not vanish.
Henceforth, when we write the word manifold we are talking about a smooth differential manifold of class C ∞ .
Pseudomanifolds
Recall the definition of unfoldable pseudomanifolds. The definitions and results of this section where taken of [1] , [13] , [18] ; where the reader will find a general treatment of stratified pseudomanifolds and unfoldings.
Simple Spaces:
Let X be a Hausdorff, paracompact, 2nd countable topological space. We say that X is a simple space if (1) There is a closed subspace Σ ⊂ X, called the singular part; which is a disjoint union of manifolds. Its complement X − Σ is a dense open manifold, we call it the regular part.
(2) A singular (resp. regular) stratum of X is a connected component of Σ (resp. X −Σ).
The family of strata is locally finite. ♣ For instance, every manifold is a simple space whose singular part is the empty set.
Let L be a compact manifold. The cone of L is the quotient space
We write [p, r] for the equivalence class of a point (p, r). We reserve the symbol ⋆ for the vertex of the cone, wich by definition is the equivalence class of L × {0}. By convention we define c(∅) = {⋆}. The radium of the cone is the function ρ :
A basic model is a product U × c(L) where U is a manifold and L is a compact manifold.
A continuous function f : X → X ′ between two simple spaces is a morphism (resp. iso-
and the restriction of f to each stratum is smooth (resp. a diffeomorphism). In particular, f is an embedding if f (X) ⊂ Y is an open simple space with singular part f (X) ∩ Σ; and f : X → f (X) is an isomorphism.
For instance, the change of radium
is an isomorphism.
Pseudomanifolds
Let X be a simple space, S a stratum. A chart of S in X is an embedding α : U × c(L) → X of a basic model, where U ⊂ S is open in S and α(u, ⋆) = u for each u ∈ U . We say that X is a pseudomanifold if for each stratum S there is a family of charts, [2, p. 42] ). Notice that the compact manifold L only depends on S, we call it a link of S. An atlas of X is the choice of such a family of charts for each stratum. ♣ By definition, any basic model is a pseudomanifold. Since we can adjust the size of the charts, any open subspace of a pseudomanifold is again a pseudomanifold.
Unfoldings
One way for defining the DeRham-like intersection cohomology of X is to control the behavior of differential forms on X − Σ when approaching to Σ. This control is exerced through an unfolding of X; which is a manifold X; a surjective, proper, continuous function L : X → X and a family { L L : L → L} L of smooth finite trivial coverings of the links of X; satisfying (1) The restriction L : L −1 (X − Σ) → X − Σ is a smooth trivial finite covering.
(2) For each singular stratum S and each z ∈ L −1 (S), there is an unfoldable chart; i.e., a commutative diagram
We say that X is unfoldable when it has an unfolding. ♣ For instance, if L : X → X is an unfolding then, for each link L, the covering L L : L → L is an unfolding of L. The product ı × L : M × X → M × X is an unfolding for each manifold M . The left vertical arrow in the commutative diagram §1.3-(2) is an unfolding.
An unfoldable morphism is a commutative square
where the vertical arrows are unfoldings, α is a morphism and α is smooth. (2) The restriction L : L −1 (S) → S is a smooth locally trivial fiber bundle with fiber L, for each singular stratum S with link L.
Intersection Cohomology
Now we recall the definition an properties of intersection cohomology as it is exposed in [18] . Some of the results of this section were taken from [4] .
Liftable Forms Fix an unfolding
If ω does exist then it is unique by density; we call it the lifting of ω. If ω, η are liftable forms then dω is also liftable and dω = d ω and ω + η = ω + η and ω ∧ η = ω ∧ η.
Intersection Cohomology
Let p : M → B be a surjective submersion. A smooth vector field ξ in M is vertical if it is tangent to the fibers of p. The perverse degree ω B of a differential form ω ∈ Ω(M ) on B is the first integer m such that the contraction
for each vertical vector fields ξ 0 , ..., ξ m . Since contractions are antiderivations of degree −1, for each ω, ν ∈ Ω(M )
We define the DeRham-like intersection cohomology of X by means of liftable differential forms and an additional parameter which controls their behavior when approaching to Σ. This new parameter is a map q which sends each singular stratum S to an integer q(S) ∈ Z; we call it a perversity. For instance, given an integer n ∈ Z we denote by n the constant perversity assigning n to any singular stratum. Another example is the top perversity defined by t(S) = codim(S) − 2 on each singular stratum S.
Fix a perversity q. A q-form on X is a liftable form ω on X − Σ satisfying max{ ω S , dω S } ≤ q(S) ∀S singular stratum where, with a little abuse of language, we denote by ω S the perverse degree of the restriction ω | L −1 (S) with respect to the submersion L : L −1 (S) → S. The q-forms define a differential subcomplex Ω * q (X) whose cohomology H * q (X) is the q-intersection cohomology of X. (e) A controlled form is a 0-form. The 0-intersection cohomology H 0 (X) is a differential graded algebra and H * q (X) is an H 0 (X)-module for any perversity q -see equation (1)-. The 0-intersection cohomology H * 0 (X) coincides with the singular cohomology H * (X N ) of the normalizer of X. For a brief introduction to normalizers the reader can see [12] ; we will give more details in the appendix.
Some properties of intersection cohomology

Modelled Actions
We introduce the family of modelled actions, whose main property is that the orbit spaces always remain in the category of unfoldable pseudomanifolds. Henceforth, we denote by S 1 the unit circle. We fix a pseudomanifold X and a continuous action
We will write Φ(g, x) = gx, B = X/S 1 for the orbit space and π : X → B for the orbit map.
Modelled Actions:
We say that Φ is a modelled action whenever it satisfies conditions MA(1), MA(2), MA(3) and MA(4) stated below. First notice that S 1 × X is a pseudomanifold with singular part S 1 × Σ.
In consequence, for each g ∈ S 1 the function Φ g : X → X is an isomorphism. Notice that each stratum is S 1 -invariant.
MA(2)
For each stratum S of X the points in S have the same isotropy subgroup H S . In particular, the action on X − Σ is free.
So the restriction π : S → π(S) is a smooth locally trivial fibre bundle with fiber S 1 /H S , for each stratum S of X.
An equivariant unfolding of X is an unfolding L : X → X such that there is a smooth free action Φ : S 1 × X → X and the function L is S 1 -equivariant.
MA(3)
There is an equivariant unfolding L : X → X.
When Σ = ∅ the above condition is trivial. For each stratum S the restriction L : L −1 (S) → S is an equivariant locally trivial fiber bundle; so there is a smooth free action of the isotropy H S on the covering L of the link L and an H S -equivariant trivializing atlas of the fiber bundle. Now we describe the local behavior of the action near the singular part. Take a singular stratum S with link L. A modelled chart is an unfoldable chart
is an isomorphism and commutes with the radium ρ : U × c(L) → [0, ∞). MA(4) For each singular stratum S there is a smooth free action Ψ S : H S × L → L of the isotropy of S on its link, such that S is covered by H S -modelled charts. ♣ Now we use the above conditions in order to describe the orbit space.
Proposition 3.2. Let Φ : S 1 × X → X be a modelled action. Then the orbit space B = X/S 1 is a pseudomanifold and the induced map;
is an unfolding.
Proof. The orbit map π : X → B is open and closed, so B is also a Hausdorff, paracompact, 2nd. countable space. Conditions MA(1) and MA(2) imply that B is a simple space and π is a morphism. We proceed in two steps.
• B is a pseudomanifold: Take a modelled chart
is a slice and the transformations of S 1 preserve the radium of α; the function
is well defined. More over (a) β is an homeomorphism: Since B and L/H S have their respective quotient topologies, β is continuous function. But any continuous bijection from a compact space onto a Hausdorff space is an homeomorphism, so it is enough to reduce the domain of β in a convenient way. (b) β preserves diffeomorphically each stratum: Since V is a slice, on the singular part the function β : V × {⋆} → π(V ) is a diffeomorphism. Restricted to V × L × R + we obtain the following commutative square
where S ′ is the stratum containing α(V × L × R + ). The vertical arrows are submersions and α is smooth, then so is α ′ . The same argument can be applied to the inverse β −1 . • L B : B → B is an unfolding: The function L B is well defined because L is equivariant. If Σ = ∅ the proof is inmediate, because on each connected component of X the map L is a trivial covering. Assume that Σ = ∅. By the above remark, L B satisfies §1.3-(1). We verify the existence of unfoldable charts. Take a singular stratum S with link L. Since (again) L has no singular part, the H S -equivariant unfolding L L : L → L induces an unfolding L L/H S : L/H S → L/H S .
Let α : U × L × R → X be the unfolding of the modelled chart α given before. Define
Then β is an unfolding of the the chart β : V × c(L/H S ) → B induced in the first step of this proof. We leave the details to the reader.
Invariant Forms
Now we display the algebraic tools involved on modelled circle actions. Some results of this § where taken of [7] , [10] ; this references deal with smooth non-free circle actions on manifolds, but the same proofs still hold in our context. From now on, we fix a pseudomanifold X, a modelled action Φ : S 1 × X → X and an equivariant unfolding L : X → X with modelled charts.
Invariant Cohomology
The Fundamental vector field on X is the smooth vector field C defined on X − Σ by the rule
In other words, C is the smooth vector field tangent to the orbits of the action. It never vanishes because X − Σ has no fixed points. The lifted action Φ : S 1 × X → X defines a fundamental vector field C on X.
Let µ be an invariant riemannian metric on X − Σ. The fundamental form induced by µ is the 1-form χ defined by the rule
We establish a little convention in order to classify the strata of X:
(4) For each mobile stratum S and each vertical vector field ν resp. the submersion L −1 (S) L → S; the following equation holds: µ C, ν = 0.
An invariant rimannian metric µ in X − Σ is unfoldable if there is a rimannian metric µ in X satisfying §4.2. Notice that if such a µ exists then it is unique by density. Henceforth, we fix an unfoldable metric µ. As an inmediate consequence we get (a) η is invariant and ı C (η) = 0. Notice that
where L C is the Lie derivative with respect to the fundamental vector field. (b) η = π * (ξ) for some differential form θ on B − Σ = π(X − Σ). If there is such a ξ then it is unique, because π * is injective.
The above expression is the decomposition of ω. The forms ν, θ are uniquely determined by the following equations
When ω i a liftable form then
So ν,θ lift respectively to ν, θ.
4.5.
The Gysin Sequence of a free smooth action Assume that Σ = ∅. Then X is a manifold, Φ : S 1 × X → X is a free smooth action and π : X → B is a smooth S 1 -principal fiber bundle. There is a morphism of integration along the orbits
We obtain a short exact sequence
The induced long exact sequence
is the Gysin sequence of X by the action Φ. It does not depend on the particular choice of a metric µ. The form dχ is basic, so there is a unique e ∈ Ω 2 (B) such that Following [6] , [19] we get the equivalent propositions We finish this section with a description of the perverse degree of the invariant forms.
Lemma 4.7. Take a perversity q on X, write also q for the perversity induced on B in the obvious way. Then the arrow π * : Ω * q (B) → IΩ * q (X) is well defined. What's more, for each invariant form ω = π * (ν) + χ ∧ π * (θ) and each singular stratum S, we have ω S = max{ ν π(S) , χ S + θ π(S) } A proof of the following statement can be seen in the appendix of this work. 
The Gysin Sequence
Given a modelled action Φ : S 1 × X → X we want to know the cohomological relationship between X and B. The answer is a long exact sequence relating the intersection cohomologies of X, B with a third algebraic complex; we call it the Gysin sequence of X. The third complex is the Gysin term, whose cohomology depends on B plus some data on the perverse strata.
As we have seen, if Σ = ∅ then we get the Gysin sequence by integrating along the fibers. If X is a manifold and Φ is a smooth effective action with fixed points; then B is not a manifold but a stratified pseudomanifold. There is a Gysin sequence relating the DeRham cohomology of X with the intersection cohomology of B [7] . Something analogous happens for smooth actions of S 3 and T n with few (local) orbit types [17] , [16] , and for riemannian flows [15] .
Fix a modelled action Φ : S 1 × X → X. A good metric on X is an unfoldable metric µ on X − Σ satisfying §4.8. Fix also a good metric µ on X.
5.1. The Gysin sequence Take a perversity q in X, write also q for the perversity induced on B in the obvious way. The q-Gysin term is the cokernel
is the Gysin sequence of X. By §2.3, when q > t the sequence (3) is the usual Gysin sequence (2) of X − Σ; when q < 0 it is the Gysin sequence of the pair (X, Σ).
We refine our clasification of the strata. A perverse stratum is a fixed stratum S whose link is not a cohomological product. Define on B the fundamental perversity χ(π(S)) = χ S = 1 S a fixed stratum 0 else and the Euler perversity e(π(S)) = e π(S) = dχ S (cf. §4.3, §4.8). Write m = max{χ, e} for the maximal perversity between χ and e. Although e could depend on the choice of a good metric, χ, m do not depend on it.
The Gysin term can be written by means of basic differential forms.
Lemma 5.2. For each perversity 0 ≤ q ≤ t there is a differential isomorphism
Under this identification, the connecting homomorphism is
Proof. By definition
is a quotient complex with diferential operator d(ω) = dω, where ω is the equivalence class of a differential form ω ∈ IΩ * q (X). Take an invariant form ω = π * ν + χ ∧ π * θ. Then
is well defined and injective and linear. The right term appearing in our statement is the image Im(f ). Since df = −f d, the map f is an isomorphism (modulo a sign) and induces an isomorphism in cohomology. The connecting arises as usual from the Snake's Lemma.
We know the cohomology of the Gysin term in the following cases.
Proposition 5.3. If X has no perverse strata then, for each perversity 0 ≤ q ≤ t, the Gysin sequence (3) becomes
where the connecting homomorphism ε is the multiplication by the Euler Class ε ∈ H 2 χ (B). If additionaly X has no fixed strata, then the above sequence becomes i.e., X is a cohomological product for intersection cohomology.
Proof. If the Euler class ε ∈ H 2 2 (B) vanishes then X has no perverse strata. 5.5. Residual approximations When X has perverse strata, then the Gysin term induces the following non trivial cokernels
We call Low * q (B) (resp. Upp * q (B)) the lower residue (resp. upper residue). The induced long exact sequences
are the residual approximations. As we will see in section §6, Low 
These sequences can be arranged in a commutative exact diagram; called the Gysin braid
r r r j r r r j r r r j r r r j r r r j r r r j¨B¨¨B¨¨B¨B¨¨B¨¨B
Remark 5.6. The cohomology complexes in this § are H 0 (B)-modules. For instance, the linear action of H 0 (B) in H q (X) is given by the rule
The reader is invited to check that also the arrows are morphisms of H 0 (B)-modules.
Local calculations
In this § we present the local properties of the Gysin term and the residues. Some results were taken from [18] .
An introduction to presheaves and the Cech cohomology can be found for instance in [2] . A presheaf P on X is complete if for any open cover U = {X α } α of X the augmented Cech differential complex
is exact, where C j (U, P) = α 0 <···<α j P(X α 0 ∩ · · · ∩ X α j ) and δ is given coordinatewise by the alternating sum of the restrictions.
For each perversity q, the complex of q-forms Ω i q is a presheaf on X (and also on B). The complex IΩ 
Proof. The first isomorphism can be seen at [18] , we will verify the other three. Notice that the orbit space of R × X is R × B and the orbit map is 1 × π :
where the horizontal rows are Gysin sequences and the vertical arrows are induced by the projections pr : R × X → X and pr : (G q (B) ) by the Five Lemma. The same argument holds for the residues.
Cohomology of the Gysin term
We want to calculate the cohomology of the Gysin term in the general case. For this sake we will use the upper approximation given in §5.5. This long exact sequence relates H * (G q (B) ) with H i q−χ (B) and the upper residue.
Trough the following two lemmas we give an explicit calculation of the residual cohomology. Lemma 7.2. In the situation of §7.1, H * (Upp q (V S )) is the cohomology of S with values on the presheaf
for each perverse stratum S. Here ∂ is the connecting homomorphism of a Gysin sequence.
Proof. We do it in two steps. The above two lemmas show us that the cohomology of the Gysin term depends both of local and global basic information. Global information concerns the behavior of the Euler class, local information depends on the perverse strata. We summarize it in the following Theorem 7.3 (The Gysin Theorem). For each modelled circle action S 1 × X → X and each perversity 0 ≤ q ≤ t there are two long exact sequences relating the intersection cohomology of X and B: The Gysin sequence
and a second long exact sequence
where S runs over the perverse strata, H i (S, Im q (∂)) is the cohomology of S with values on a locally trivial presheaf whose fiber is
the image of the multiplication by the Euler class ε ∈ H 2 (L/S 1 ).
Remark 7.4. Apply the same procedure to the lower residue Low q . You will get that a third long exact sequence
relating the Gysin term with the cohomology of the perverse strata with values on a locally trivial presheaf Ker q (∂) whose fiber is
Appendix A. Some properties of the Euler class A.1. The perverse degree of the Euler form In this § we provide a proof of §4.8.
Since X is paracompact, there is a disjoint family of invariant open sets separating the singular strata. The perverse degree of e being a local matter, we assume that X has a unique singular stratum S. If S is mobile then the statement is a consequence of §4.2-(4). Assume that S is a fixed stratum. We will prove that L is a cohomological product if and only if e π(S) ≤ 1.
(⇒) Since any invariant riemannian metric on X − Σ is unfoldable, our problem is to give an unfoldable metric near S. Take an invariant open cover of S consisting of modelled charts
Assume that X = ∪ α X α and {U α } α is a good cover of S. Fix a controlled invariant partition of unity {ρ α } α subordinated to U. An unfoldable metric µ on X is made up by collating local unfoldable metrics
where µ Uα , µ L are riemannian metrics on U α , L. By §4.7 it is enough to calculate the perverse degree of dχ. Applying the contraction ı C and the differential on the above equation, we get
Since L is a cohomological product we assume that dχ L = e L = 0 (cf. §4.5). In consequence dχ = α (dρ α )∧χ α and dχ S ≤ 1 because each ρ α is a controlled function.
(⇐) Recall the definition of the step intersection cohomology of a pseudomanifold X in level 2 [8] . It is the cohomology of the quotient complex
Since e π(S) ≤ 1, then the double equivalence class [e | Bα ] vanishes on H A.2. Chasing the Euler form in a double complex In this § we show that then the Euler form is cohomologue to a controlled form whenever e ≤ 1.
Let's suppose that e ≤ χ. In order to simplify the proof we will assume that X has a unique singular stratum S. If S is mobile there is nothing to do. If S is a fixed (non perverse) stratum we consider the long exact sequence of step cohomology · · · → H such that dθ = 0, δθ = −dν for some ν ∈ K 0,2 , and δν = 0. Hence φ = θ + ν ∈ K 2 is a D-cocycle, where D is the diagonal differential operator. By exactness of the horizontal rows, φ is D-cohomologue to a D-cocycle dω ∈ K 2,0
This dω is a representative element of a unique global cohomology class [dω] ∈ H 2 1/0 (B).
Next we show that the double class [e] =∈ H : Take ξ αβ = χ β − χ α on each intersection X α ∩ X β ; where χ α = α − * (χ L ). These forms ξ αβ are basic; so ξ αβ = π * (θ αβ ) for a unique form θ αβ on B αβ . Since L is a cohomological product, we can assume that dχ L = 0; so π * (dθ αβ ) = dπ * (θ αβ ) = dξ αβ = dχ α − dχ β = 0 and π * (θ αβ + θ βγ ) = ξ αβ + ξ βγ = ξ αγ = π * (θ αγ ) Since π * is injective we deduce that dθ = δθ = 0. So θ is a representative element of a D-cocycle in the Ω 1/0 -double complex. By exactness of the horizontal rows in the Ω 1 -double complex, there
• Definition of ω = (ω α ) α ∈ K 1,0 : By equation (10) we have
This implies that the double class [e] of e in step cohomology is the image of a δd-boundary by the isomorphism (12) .
Appendix B. On the existence of modelled actions
From now, a pre-modelled action is an action Φ : S 1 × X → X of the unit circle on a pseudomanifold X satisfying conditions MA(1) , MA(2) , and MA(3) of §3.1. The only difference between pre-modelled and modelled actions is the existence of modelled charts, we devote this section we study that problem.
Recall that a pseudomanifold is normal when its links are connected. For each pseudomanifold X there is a normal pseudomanifold X N and a morphism n : X N → X which is an isomorphism in intersection homology. The construction of X N is functorial, thus unique; we call it a normalizer of X. The arrow n is a normalization of X. For a detailed exposition the reader can see [12] .
Let Φ : S 1 × X → X be a pre-modelled (resp. a modelled) action. An equivariant normalization is a normalization n : X N → X together with a pre-modelled (resp. a modelled) action Φ N : S 1 × X N → X N and an equivariant unfolding L N : X → X N such that the morphism n is Proof. Fix a pre-modelled action Φ : S 1 × X → X. Take a nomalization n : X N → X. We proceed in two steps.
• Definition of Φ N : S 1 × X N → X N : Since Φ is a morphism and ı × n : S 1 × X N → S 1 × X is a normalization, by functoriality Φ lifts to a unique morphism Φ N : S 1 × X N → X N . This Φ N is indeed an action, so MA(1) holds by construction. For each stratum S in X the restriction n : n −1 (S) → S is a smooth finite covering. The strata of X N contained in the preimage of S are the connected components of n −1 (S). Since the arrow is equivariant and the isotropy of S is constant H S , there is a smooth action of H S in the fiber and a smooth H S -equivariant trivializing atlas of the covering. By an argument of connectedness we get MA(2).
• Definition of L N : X → X: Take an equivariant explosion L : X → X. For each singular stratum S with link L; The cone c(L) has an H S -equivariant normalization
where {K j } i are the connected componetes of L and [p, r] i is a point in c(K j ). The arrow
Next we give the S 1 -equivariant unfolding of X N as follows. Recall the restriction n :
where α N is the unique embedding such that the diagram
commutes. In order to see that L N is well defined take some z ∈ X. If z ∈ L −1 (X − Σ) ∩ Im( α) for some unfoldable chart α; then the above diagram implies that
By the other hand, if z ∈ L −1 (Σ) and α, β are two unfoldable charts of z; then by an argument of density
So L N is well defined. The above equations implies that each unfoldable chart of L : X → X induces unfoldable charts of L N : X → X N . In consequence, condition MA(3) also holds.
Finally, if Φ is modelled then for each modelled chart α : U × c(L) → X the induced chart α N given in equation (13) restricted to each connected component of U × c(L) N induces a modelled chart. This proves MA(4), we leave the details to the reader. Corolarium B.2. For each modelled action Φ : S 1 × X → X and each perversity 0 ≤ q ≤ t in X; any equivariant normalization n : X N → X induces an isomorphism
Proof. By the above proposition and the topological properties of normalizations, it is immediate that the arrow is an isomorphism in the complexes of q-forms.
We want to verify the existence of modelled charts. In order to do this, we will simplify some S 1 -equivariant unfolding L : X → X. A bubble on X is a connected component of L −1 (X − Σ), i.e.; a diffeomorphic copy of some regular stratum. We will say that X is primary if, for any link L of X, the unfolding L L : L → L is an isomorphism (and then we will write L = L). Lemma B.3. Up to an equivariant normalization, each modelled action Φ : S 1 × X → X has a equivariant unfolding L : X → X satisfying:
(1) X is primary.
(2) There is a smooth equivariant collar
Proof. Suppose X is not a primary unfolding. Assume that X is normal and connected. Since the links are connected then X − Σ = R is a unique regular stratum R. Fix a numeration N 0 , . . . , N k of the bubbles, k > 1. Write
Take also a numeration S 0 , . . . , S n , . . . of the singular strata and a disjoint family of open S 1invariant sets A 0 , . . . , A n , . . . separating them. Write H i , (resp. L i ) for the isotropy (resp. the link) of S i . For each i let's fix a connected component C i ⊂ L −1 (S i ). By §1.4; there are integers 0 ≤ a i < b i ≤ k such that C i is a border of the bubbles N a i , N b i . In other words, C i is a connected component of N a i ∩ N b i . Since S 1 is connected, the restriction L : C i → S i is a S 1 -equivariant submersion; so it is a locally trivial fiber bundle with fiber L i . There is a smooth free action of H i on L i and a trivializing atlas of L : C i → S i consisting of H i -equivariant trivializing charts.
(a) Definition of a primary unfolding:
is an open S 1 -invariant neighborhood of C i . Consider the amalgamated sum
where the collating map f : Proof. Fix a pre-modelled action Φ : S 1 × X → X induces on X on a normal pseudomanifold X, a primary equivariant unfolding L : X → X and a S 1 -equivariant collar Γ : L −1 (Σ) × R → X as in §B.3. Also take a point z ∈ L −1 (S) in the preimage of a singular stratum S. Since the link L of S is connected, any unfoldable chart of z sends different bubbles to different bubbles. In consequence, the unfolding L L : L → L is a diffeomorphism and we can write L = L. • α is well defined and injective: For r = 0 it's trivial. For r > 0, since L is connected; the set α(U × L × R + ) is contained in some bubble N ⊂ X, and the restriction L | N is a diffeomorphism.
• α is an isomorphism: This map is continuous because L α is. Also α is smooth on each stratum, so it is a morphism. For seeing that α is an isomorphism one can reduce the domain of the function, because any continuous bijection from a compact space onto a Hausdorff space is an homeomorphism.
• α is an unfoldable chart: Because LΓ is an even function with respect to R.
• α is an H S -equivariant chart: It is straightforward.
• S 1 preserves the radium: Because α is defined trough a S 1 -equivariant collar.
Remark B.6. We can substitute a pre-modelled action on an arbitrary pseudomanifold X by a modelled action on its normalizer X N . Whenever it make sense, the intersection cohomology of the orbit space B = X/S 1 is the intersection cohomology of X N /S 1 (which always makes sense).
Remark B.7. Al the statements in this § still hold if we drop S 1 and write instead a torus T n .
